If a a p(x) =ap a (x) i A is also formally self-adjoint. A real linear differential operator A is uniformly elliptic in G if the
Let G be a fixed bounded domain in real Euclidean
2. The boundary-value problem to be considered here is:
where 4 is a formally self-adjoint, uniformly elliptic real linear operator of order 2m with uniformly bounded, measurable coefficients and top order terms uniformly continuous (A is assumed to be written in divergence form), X is a real number and ƒ(£, x) is a real-valued function defined on ^XG, jointly continuous in the x and t variables with the following properties: We denote by Z(pi) the family of functions f(t, x) which satisfy the above conditions with
if N « 2m t p = 00 if j\T < 2m. Differentiation by parts shows that every classical eigenfunction is a generalized eigenfunction. The converse is, in general, not true. (Cf. Theorem III.) This result is proved by solving the above variational problem by the direct method of the calculus of variations, using the geometrical properties of dM R , as illustrated in Lemma 1. We then show that a solution of the variational problem is also a solution of the operator equation.
THEOREM I. Suppose f (t t #)£Z(pi). Then the generalized eigenfunctions of the boundary-value problem (1) are identical with the nonzero solutions of the operator equation tytu-\Bu = Q defined on the Hilbert space *W m ,2(G); 21 is a self-adjoint bounded linear operator mapping V? m ,2(G) into itself and satisfying the inequality
We note the following regularity conditions associated with the boundary-value problem (1) REMARK. The boundary-value problem studied here provides another example of nonuniqueness in the theory of quasi-linear elliptic equations of the type similar to the Navier-Stokes equation for a stationary flow of an incompressible fluid.
Added in proof (December 7, 1964) . A variational method can also be used to prove the existence of an infinite number of distinct nor-
